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Abstract 

It is shown that the heat operator in the Hall coherent state trans- 
form for a compact Lie group K |Halj is related with a Hermitian 
connection associated to a natural one-parameter family of complex 
structures on T*K. The unitary parallel transport of this connection 
establishes the equivalence of (geometric) quantizations of T*K for 
different choices of complex structures within the given family. In 
particular, these results establish a link between coherent state trans- 
forms for Lie groups and results of Hitchin Hi and Axelrod, Delia 
Pietra and Witten jAdPWj . 
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1 Introduction 



In the present paper we relate the appearance of the heat operator in the Hall 
coherent state transform (CST) for a compact connected Lie group K [Hal 
with a one-parameter family of complex structures on the cotangent bundle 
T*K, in the framework of geometric quantization. The heat equation appears 
also in the quantization of IR 2n and of Chern-Simons theories |AdPWt iHi] 
and in the related theory of theta functions, where it is associated with 
the so-called Knizhnik-Zamolodchikov-Bernard-Hitchin (KZBH) connection 
|Fa| ILas| IRa| IFMNj . The general case was studied from a cohomological 
point of view in |Hij . 

Our main motivation is to give a differential geometric interpretation to 
the appearence of the heat equation in the Kahler quantization of T*K, thus 
answering a question raised in [Ha3| , §1.3. This interpretation is based in the 
projection of the prequantization connection to the quantum sub-bundle in 
geometric quantization, as proposed in |AdPWj . The main advantage of this 
approach consists in the fact that it ensures that the quantum connection is 
Hermitian. Our method is also complementary to the one of Thiemann |Thl| 
Th2] where he considers generalized canonical transformations generated by 
complex valued functions on the phase space. The heat equation appears 
then naturally as the Schrodinger equation for these complex Hamiltonians 
or complexifiers. 

As shown in |AdPWj §la, for R 2n the heat equation is associated with 
independence of the quantization with respect to the choice of a complex 
structure within the family of complex structures which are invariant under 
translations. 

We consider on T* K a one-parameter family of complex structures { J s } s€ k + 
induced by the diffeomorphisms 

T*K ~ K x &* ~ K x & ^ K c ^ ^ 

(x, Y) i — ► xe lsY , 

where Kc is the complexification of K. Here we identify T*K with K x &* by 
means of left-translation and then with K x ^ by means of an AcZ-invariant 
inner product (• , •) on A = Lie (if). 

Together with the canonical symplectic structure u, the pair (w,J s ) defines 
on T*K a Kahler structure for every s G M + . Hall has shown |Ha3j that, 
when one considers geometric quantization of T*K, the CST, which has been 
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proved to be unitary in HalJ, gives (up to a constant factor) the pairing 
map between the vertically polarized Hilbert space and the Kahler polarized 
Hilbert space, provided that one takes into account the half-form correction. 

The family of complex structures { J s } is generated by the flow of the vector 
field v = Y^j ■ This vector field is not Hamiltonian but it is given by v — 
J s (J2j sy^Xj), where we note that % J2j V^j is the Hamiltonian vector field 
for the complex Hamiltonian ||^| 2 . This is the complex Hamiltonian used 
by Thiemann |Thlt ITh2j (see also |Ha3j ) to generate quantum sates in the 
holomorphic polarization from the vertically polarized ones. The actions of 
the vector field v and of the Hamiltonian vector field corresponding to s||y| 2 
coincide on J s -holomorphic functions. This explains the relation between our 
formalism and the formalism of complexifiers proposed by Thiemann. 

In order to associate the heat operator with an Hermitian connection, we 
collect the prequantum and quantum Hilbert spaces for all s G K+ in a 
prequantum and a quantum Hilbert bundles over R + , 

H prQ -> K+ 

and 

and show that the natural Hermitian connection on 7-^ prQ induces on 7i Q a 
connection given by a heat operator (Theorem This connection turns out 
to be naturally equivalent to the connection obtained by varying h in the 
CST of Hall (Theorem |U). 

Contrary to the flat lR 2n case, and its infinite dimensional generalization 
considered in [XdPWl . our family of complex structures is not generated 
by acting on a fixed one with a family of canonical transformations. It is 
generated by the flux of a vector field which is not symplectic, but rescales 
u. The symplectic structure on T*K however will be kept fixed throughout 
the paper. 

Notice that, as could be expected from [Ha3j, the use of the half-form 
correction to define the Hermitian structure on 7i prQ plays a decisive role 
in the appearance of the heat equation for the connection induced on the 
quantum sub-bundle (see also remark [TJ). 

Our approach to the heat operator and the quantum connection in this 
setting, can also be related to the Blattner-Kostant-Sternberg (BKS) pairing 
on the quantum bundle 7i Q . This will be the theme of a work in preparation 

([EMM). 
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2 The quantum connection and the heat equa- 
tion 



Let K be a compact, connected Lie group. We will consider first the case 
when K is semisimple and will comment briefly on the case of compact tori, 
K = U(l) n , at the end of sectional 

We start by recalling from |Ha3| IWoj aspects of the geometric prequantiza- 
tion of T*K but with a natural one-parameter family of complex structures 
generalizing the fixed complex structure considered by Hall. 

The prequantum Hilbert bundle ?i prQ over this family is endowed with 
a natural Hermitian connection, S pvQ . The quantum connection 5 Q induced 
from 5 prQ by orthogonal projection on the quantum Hilbert sub-bundle is then 
automatically Hermitian. Our main result in the present section is Theorem 
^ in which we show that 5 Q corresponds in a precise sense to a family of 
Laplace operators on T*K. 



2.1 Complex structures and the prequantum Hilbert 
bundle 

Consider an Ad-invariant inner product (• , ■) on ^ = Lie(if) and {Xj}™ =1 , 
n = dim K , a corresponding orthonormal basis for 8. viewed as the space of 
left-invariant vector fields on K. The canonical 1-form on T*K is given by 6 = 
X^r=i y %w% where (y l , . . . , y n ) are the global coordinates on & corresponding 
to the basis {Xj}™ =1 , and {w'}™ =1 is the basis of left-invariant 1-forms on 
K dual to {Xi}™ =1 , pulled-back to T*K by the canonical projection. The 
canonical symplectic 2-form is defined as uo = —d8. We let e denote the 
Liouville volume form on T*K, given by 

e=-u n . (2.1) 

Following the geometric quantization program we consider the trivial complex 
line bundle L over T*K, L = T*K x C, with the trivial Hermitian structure. 
Sections of this bundle are thus just functions on T*K. 

Using the diffeomorphisms ip s between T*K and Kq introduced in 
we produce a family, parameterized by s G K.+, of complex structures J s on 
T*K by pulling back the canonical complex structure J from Kc- Explicitly, 

J s = ^7* ° J ° V'wj 
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where ijj s * denotes the push-forward of the map ip s . 

Proposition 1. The pair (u, J s ) defines a Kahler structure on T*K for every 
s G M +; whose Kahler potential Y) = s\Y\ 2 . 

Proof. The family of complex structures J s can also be generated by pulling 
back a fixed complex structure on T*K with the family of diffeomorphisms 
ip s (x, Y) = (x, sY) since J s = (V>i o ip s )~ l o J o (ip x o (p s )* = ip~} o J x o ip s *. 
Therefore (ou, J s ) defines a Kahler structure on T*K for every s G K.+ if and 
only if {{ip^Yuj = u/s, Ji) defines a Kahler structure on T*K. This follows 
from the fact that (T*K, u, J\) is a Kahler manifold as shown in |Ha3j . In this 
reference, the Kahler potential of (T*K,u, Ji) is computed to be k(x,Y) = 
\Y\ 2 . Then, the Kahler potential k s for (u, J s ) is k s = (tp*K)/s = s\Y\ 2 . □ 

Let Xj, j = 1, n, be the vector fields on T*K generating the right action 
of K lifted to T*K and given by 

X s (x,Y) = (X s ,\Y,X j )). (2.2) 

Therefore, 

^Xj{x,Y) = X^ c (xe lsY ), 

where Xj^c denotes the natural extension of Xj from a left-invariant vector 
field on K C Kq to the corresponding left-invariant vector field on Let 
{^}j=i be the 1-forms defined by w^(X k ) = 5 J k and w^{J s X k ) = 0, for 
j,k = 1, n. For every s G K + , consider also the frame of J s -holomorphic 
1-forms given by 

{vl =w 3 - iJ s w 3 } n . =1 , 

where (J s w) (X) = w(J s X) , for a vector field X and a 1-form w on T*K. Con- 
sider also the J s -canonical bundle on T*K whose sections are J s -holomorphic 
n-forms with natural Hermitian structure defined as follows. For a J s - 
holomorphic n-form a s , let |a s | be the unique non-negative C°° function 
on T*K such that a s A a s = \a s \ 2 be, where b = (2i) n (-l)< n - 1 ^ 2 . Following 
Ha3j we write 

2 a s A a s 

\ a s\ = — l • 

be 

A global nowhere vanishing (trivializing) J s -holomorphic section of the 
J s -canonical bundle is given by 

n. = #A-..Ae 
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Let us introduce the bundle of half-forms. Let 5 S denote a square root of the 
Js-canonical bundle with a fixed trivializing section whose square is Q s . As 
in |Ha3j we denote this section by V"!- Smooth sections of L <g> 5 S are of the 
form 

a s = fy/n a , f E C°°(T*K). 
The Hermitian structure on the line bundle L <g> 5 S is given by 



fi, A n 



{(Ts >° s) = ff \~bT^) =// '^l- ^ 

Definition 1. The prequantum bundle 7i piQ — > M. + is the Hilbert vector 
bundle with fiber over s G R + given by 



n p ; Q = vr Q 

where the bar denotes norm completion, V prQ is 

Vf Q = R e r°°(L ® 5 fl ) : | |(j s | |f < 00} , 

r°°(L (gi 5 S ) denotes the space of C°° sections of the bundle L £g> 8 S , and 

(* s ,* s )l* Q = [ \a s \ 2 e. 

JT*K 

From ()2.3|) it is easy to see that sections of 7i prQ of the form 

W„ feL 2 (T*K,e) (2.4) 



have s-independent norm. 

We choose the smooth Hilbert bundle structure on 7i prQ as the one com- 
patible with the global trivializing map 

R + x L 2 (T*K,e) -> H prQ (2.5) 

(sJ) ' ' vfe^ (2 ' 6) 
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2.2 The prequantum connection — 6 prQ 

We now introduce a natural Hermitian connection on 7i prQ . Before giving 
its precise definition we state the following proposition, which is a straight- 
forward consequence of |Ha2[ IHa3] . Let 77(F) be the v4<i^-invariant function 
defined for Y in a Cartan subalgebra by the following product over the set 
R + of positive roots of .ft, 

. * -r-r sinha(F) 

Let dg be the Haar measure on Kc- We then have, 
Proposition 2. The following identities hold: 



1. \Q s \ = ^^ = s msY); 

2. dg s := (i> s )*(dg) = s n V 2 (sY)e = |fi s | 2 e ; 

where 77 is the function on T*K defined by equation \2. 7\ ). 

Proof. In |Ha2[ IHa3j it is shown that 

b7i 2 (Y)e = tt 1 Atti. 

This is exactly the first identity with s — 1. Recall from Proposition ^ that 
J s = (p~£ o J\ o ip S)f . This implies the equality (p*(Jif3) = J s ((p*[3) for all 
1-forms (3 on T*K. Therefore, 

<P*M) = tiffi) - W-W) = w* - iJsW* = Vl 

Moreover (p*e = s n e and this proves the first equation. For the second iden- 
tity, let 

be a basis of left ifc _mvar i an t J-holomorphic 1-forms on Kc, where w c is the 
natural extension of w l from K to Kc, obtained by left translations. Then, 
the Haar measure on Kc is given by 

dg = ~ A Q c , 
b 
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where Qc = 77^ A • • • A rffc. Since 1/;* o J = J s o ip* for all 1-forms on K c , and 

= vck) - # s v<) = - «^ = 

Using the previous result we get the desired identity. □ 

The trivializing section y/Tl^ of the half-form bundle d~ s is canonical (up to 
a sign) because it is obtained from geometric quantization data (the one pa- 
rameter family of Kahler polarizations J s on T*K) with the only additional 
structure provided by a fixed Aci-invariant inner product in the Lie algebra 
This motivates the definition of the prequantum connection as the con- 
nection induced from the canonical connection on the trivial bundle by the 
trivialization of H prQ given in (|2.5j) . 

Definition 2. The prequantum connection 5 prQ on 7i prQ is the connection for 
which sections of the form (12.411 are horizontal 



S " Q (A = °' (2 ' 8) 

for all / e L 2 (T*K,e). 

One can also obtain the same connection using a BKS-type pairing on 
the prequantum bundle 7i prQ . This will be explored in jFMMNj . Note that 
the prequantum connection is Hermitian, that is, it is compatible with the 
Hermitian structure on 7i prQ in the following sense 

(a, cr q = (5 p jv cr Q + (a, 5 p i Q c) prQ (2.9) 

do ds ds 



for all smooth sections a, ( of 7i p 



rQ 



2.3 The induced quantum connection — 5 Q 

The Kahler polarizations (u, J s ) enter already the definition of the prequan- 
tum Hilbert spaces H prQ through the half-form bundles 5 S and the Hermitian 
structures (|2.3j) . To define the fibers of the quantum Hilbert sub-bundle 
H Q C H piQ , one considers polarized, or J s -holomorphic, sections of L (g) S s . 



9 



Explicitly, for every s G M. + , consider the frame of left K- invariant vector 
fields on T*K 



{z h s = \{X 3 -iJ s X^ 



i=i 

Let the polarizations be given, for every s G M+, by 

T%?) = s P an c {ZjA x > y )}"=i ' 

where Z^ s = \{Xj + iJ s Xj). We use the notation Z G V s for Z( Xj y) G T 7 ?, ^ 
for all (x,Y) G T*iC. Note that these polarizations {P s } s gk+ converge, as s 
tends to zero, to the vertical polarization of T*K, spanned at every point by 
sJL\ n 

\Qyi Ji = l- 

Definition 3. The quantum bundle 7i Q — > M. + is the Hilbert sub-bundle of 
7i prQ with fiber over s > given by 



where 

v s Q = {fVn s G vr Q : v 2 f = 0, V Z G P s } , 

and V z = Z — ^9(2) is the geometric quantization connection defined on 
the trivial bundle L and Hq is Planck's constant. We call the solutions of 
^zf = the polarized sections of L. 

Proposition 3. For every s > 0, the V s -polarized (or J s -holomorphic) sec- 
tions of L are the C°° functions f on T*K of the form 

s\Y\ 2 

f = Fe 2ft o 

where F is an arbitrary J s -holomorphic function on T*K. 

Proof. From |Ha3| Proposition 2.3] the solutions of V^ s / = are 

f — p e -K a /2ho 

where F is a Js-holomorphic function on T*K, so that the result follows from 
proposition [T] □ 
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Let us denote by (•, -) Q the Hermitian structure on 7i Q inherited from 7i prQ . 
We conclude that the fibers Ti^ of Ti Q are given by 

f -sml — 

Hg = < a s = Fe 2h o A/f2 s , F is J s -holomorphic and ||cr s ||j < oo 

The quantum Hilbert bundle inherits from (7i prQ , 5 prQ ) a Hermitian connec- 
tion 5 Q which we call the quantum connection. The parallel transport with 
respect to this connection is automatically unitary and it establishes the in- 
variance of the quantization of T*K with respect to the choice of polarization 
within the family {V s } se u + - 

Definition 4. The quantum connection S Q is the Hermitian connection in- 
duced on 7i Q by the natural connection 5 piQ on 7i prQ 

S Q = Po 5 pvQ , 

where P denotes the orthogonal projection 7i prQ — > 7i Q . 

Below in theorem we will obtain an explicit expression for 5 Q . Consider 
the second order differential operator A^ on T*K given by the pull-back, 
with respect to ip s , of the second order Casimir operator on Kc, 

n 

= ^(x,) 2 - (j s x t y. 

Note that takes J s -holomorphic functions to J s -holomorphic functions. 

Let A^ be the (unbounded) operator on defined on its dense domain 
by 

A s c (Fe" s|y|2/?!0 ^C) = A^ [F]e- s|y|2/ ^V^. (2.10) 

Theorem 1. Let F be the function on IR + x T*K obtained, for every s G M +7 
as the pull-back of a given J -holomorphic function F on Kc, 

F{s,x,Y) = F{xe isY ), (2.11) 

such that F(s, -)e 2h o v^HJ G Ti^ is in the domain of the operator A c . The 
quantum connection 5 Q acts on sections of7i Q of the form 

Fe 2fi o (2.12) 
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(IS 



s\Y\- 



5%[Fe-^T^n s ] = ^ f-±A£ + \p\ 2 j [F] e-^Ty/n s , (2.13) 

where p is half the sum of the positive roots of 

Notice that choosing the sections of 7i Q in the form 1)2.11)1 and 1)2.12)1 cor- 
responds to choosing moving frames, more precisely a class of global moving 
frames related by s-independent transformations. Having made such a choice 
the covariant derivative in the direction of d/ds is defined by a linear operator 
acting on the fibers as in (|2.13)h 

We will divide the proof of this theorem in several lemmata. Let us denote 
by W the following vector field on T*K, 

n 
3=1 



Note that, from (|2^jl . 

n . n 

3=1 3=1 

Lemma 1. Let F be a fixed C°° function on Kq, F be the function on 
R + x T*K, given by F(s, ■) = i)* s F , and let f E C°°(T*K) be a function only 
ofY. We have, 

i) If F is holomorphic then 

dF 

ir = WF 

OS 

ii) If F is right K -invariant then 

dF 

— = 2 WF = 2 WF 

ds 

Hi) 

3=1 U 



12 



Proof. A direct computation gives, 



r\ r\ 71 

' (r s F)(x,Y) = g-/(^ sY ) = y j J s XjF. 

S 3=1 



ds 



The special cases i) and ii) above follow from this equation. 
The identity in Hi) follows from 



n 1 n 



d 



3=1 



s dyJ 



□ 



Lemma 2. Let X be a smooth vector field on T* K , wiih\X{y l )\ < cexp(a|F|) 
for some positive constants c and a, and let <fi G C°°(T*K) be such that 

\<P(x,Y)\<e- s ^\ 

for \Y\ > R and fixed positive constants R, 5. Then, 

Cx{<t>e) = 0. 



/ ■ 



Proof. Using Cartan's formula, Cx = d o ix + t-x ° d, we have Cx{.4> e ) — 
d(4> i-xt), where the symplectic volume form is e = w 1 A dy 1 A • ■ • A w n A dy n . 
Since T*K = K x .ft, using Stokes formula we only need to show that 



lim / 



■L X e = 0, 



where denotes the sphere of radius R in & centered at the origin. We 
have 



/ 

JKxS™- 



< c'e~^ R \ 



for some positive constant c', which proves the lemma. 



□ 



Let B be the subspace of the space H(Kc) of holomorphic functions on 
Kq, spanned by the holomorphic functions 



(2.14) 
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where 7r is an irreducible finite-dimensional representation of K extended to 
an holomorphic representation of Kq and A G EndV^. Let T s denote the 
subspace of 7iJ given by sections of the form (|2.11j) and (j2.12j) with F G B. 
It follows from the Lemma 10 of |Halj that T s is dense in 7i^. 

Lemma 3. Let a, ( G T(H Q ) with a s , ( s G T s , Vs G and 

_sjyf 



a = Fe 2fi o a/S1 s , C = Ce 2h o y/Cl s . 



Then we have, 



T*K 



W 



\Y\ 2 1 Sin 10, 



ha 



2 9s 



+ 



n 



4s y 



»i*t , 

" fi o o e = 0. 



Proof. The vector field satisfies = and we can apply lemma 121 

with < 5 < #■ to the first term above. Integrating by parts we obtain 



T*K 



W [F] Ge~~\n s \e 



FGW 



T*K 



\Y?/ho 



la 



+ / FCe^^'iy [ln|a|] |ft a |e 

+ / FGe- s l y l 2 ^|fi s |£^(e). (2.15) 

JT*K 



For the first term on the r.h.s. of (|2.15jl we have from Hi) in lemma Q 



From ii) in lemma we see that 



MY\ 2 /tx> 



\Y\ 



,~s\Y\yno 



ho 



(2.16) 



w[in|a|] 



1.9 In la 



2 9s 

For the third term in (J2.15|) . we have 



n 



n-l 



(2-17) 



n! 



From u = —d6, Cartan's formula £\y — d o + o d and 

L W de = — e + ~d\Y\ 2 , 

2s 4 
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we obtain (to) = (l/2s)o;, which implies that 

71 

C w {e) = -e. (2.18) 

Substituting (j2~TKj) . (|2~TTf) and (|2~T%J) into (l2~TH|) we obtain the desired result. 

□ 

Recall that the prequantum connection is Hermitian, so it satisfies equation 
()2.9|) . Consider sections of TC Q , 

a = F e _£ ^T v /^, ( = G e^^T ^/fij, (2.19) 
where F, G are as in (j2.11|) . These sections also satisfy ()2.9|) and we have 

(6U,0 Q = (K Q a,Cr Q . (2.20) 

ds ds 

Lemma 4. Let er, £ be as above. Then, the following identity holds 

n."^ = s "" 2 1 pd h (w - is) w *■ (2 ' 21) 

where dg is the Haar measure on Kc, g = xe lY and h~ = sh®. 

Proof. From the definition of horizontal sections ()2.8|) and from ()2.20|) . we 
obtain 



We now use lemmata ^ and El to simplify the equation above for the quantum 
connection to get, 

^ JT*^ V 2 ^o 4s/ 

which with the help of tp s and proposition |21 gives (j2.21|) . □ 

Let us introduce the K-averaged heat kernel measure dv% on Kc given by 
[Ha3j 
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and Cfi = (nh) n / 2 e ' p ' 2?i , p being half the sum of the positive roots. Recall 
from |Halj that v% satisfies the equation 



dv h _ 1 
dh ~ 4 



(2.23) 



on Kp, where 



i=i 



is the Casimir operator for Kc- The equation (|2.2Hj) is equivalent to the 
following equality: 



Lemma 5. 



\Y\ 2 n\e-\ Y \ 2 / h 



2h 2 Ah J rj(Y) V 8 2 J V(Y) 



1 |p| 2 \ e-l y l 2 /^ 

-A c 1 " 



□ 



We are now ready to prove Theorem ^ 
Proof. Consider a and £ as in 1)2.19)1 and let 

Z i = 2 ^'- c _ iJX i^) > j = 1, ■ • • ra, 

so that 

n 

Ac = 2^ + ^. 

3=1 

From ()2.21j) and Lemma since 



A" 



3,C( 



0, for all j, 



we obtain 



or,() Q = s' n/2 / FG»o(~Ac + 



AV 



\Y\ 2 /h 



n/2 [ fg\(-±z) + 



T](Y) 

e -\Y\yn 

W) 



dg 



dg. 
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Lemma 121 can be applied since Zj{y^) grows linearly with \Y\ (see section 6 in 
Ha3j). Using it to integrate twice by parts with respect to Zj and noticing 
that, from the bi-invariance of dg, C-Zjdg = and also Zj(G) = we obtain 
the statement of the theorem 



(6la,0 Q = [ ^(-^h + lPl'mGe-^^l^le, (2.24) 
ds Jt*k * ^ 

for sections cr, ( with values in T s 3 cr s ,(s, for all s G M. + . The operator A^ in 
(|2.1()jl is essentially self-adjoint (it has a basis of eigenvectors, with F's given 
by matrix elements of finite dimensional holomorphic representations as in 
()2.14|) . with real, and nonpositive, eigenvalues) and the space T s is dense in 

Ti®. Therefore, the expression ()2.24|) implies that 8% is given by ()2.13|) for 

si 

sections of 7i Q in the form (j2.11j) and ()2.12j) and with values in the domain 
of A s c , for all s G K+. □ 

Remark 1. Note that the simple expression \2.21\) would not be valid without 
the inclusion of the half-form correction in the definition of the Hermitian 
structure on TC piQ (see H~3J) and proposition^. The half-form leads to the 
cancellation of the term proportional to din \ Q s \/ds. This is what ultimately 
leads to the heat operator in the quantum connection. 

2.4 The heat equation 

Let \l/ be the diffeomorphism 

^ : M+ x T*K R + x K c 
(s, (x, Y)) i— > (s, xe lsY ), 

so that \l/(s, .) = ip s , for all s G M+. Consider sections a of TC® of the form 



a s = ^F( V )e (2.25) 



where a s = (7r^ ) n/2 e |p|2 ^ s 



F = ^*F (2.26) 



and F is a C°° function on R + x Kc, holomorphic in the second variable. 
We then have, 
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Theorem 2. A section of H Q of the form \2.2di) . 112.26)) with a s in the 
domain of A c , for all s 6 W + , is 5® -horizontal if and only if F is a solution 
of the following heat equation on Kc, 

If = —A C F. 

ds 4 L 
Proof. Substituting (l2~251) in (|2~T3~J) we obtain 

si \os 4 / y/a s 

□ 

Besides establishing the relation of the heat equation on complex semisim- 
ple Lie groups Kc with the geometric quantization of T*K this result also 
provides the link with the coherent state transform introduced by Hall in 
jHalj . 

Concerning the case K = U(l) n , note that the results in proposition^ and 
equations 1)2.22)1 and (J2.23)) are still valid if we replace r](sY) by 1 and the 
Weyl vector p by 0. Therefore, all the results above apply also to this case. 

3 The quantum connection and the CST 

The coherent state transform for K defines a parallel transport on a Hilbert 
bundle over M + for an Hermitian connection that we denote by 5 H . In this 
section we show that this parallel transport is naturally equivalent to the par- 
allel transport of the quantum connection 5 Q . This follows from propositions 
12] and El and from (Q and 

3.1 The CST connection - £ H 

Let ph, h > 0, be the heat kernel for the Laplacian A on K associated to 
the Ai-invariant inner product (• , ■) on ^, A = 'Y^i=i^-i- ^ s proved in 
[Hal], pn has a unique analytic continuation to Kc, also denoted by p%. The 
i^-averaged coherent state transform (CST) is defined as the map 

C h : L 2 (K,dx)^H(K c ) 

(C n f)(g) = [ f(x)p h (x- 1 g)dx, f e L 2 (K,dx), g e K c , (3.1) 
Jk 
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where dx is the normalized Haar measure on K. For each / e L 2 (K,dx), 
Cfif is the analytic continuation to Kc of the solution of the heat equation 
on K, 

du 1 

m = 2 Am ' 

with initial condition given by w(0,x) = /(x). Therefore, Cnf is given by 

(C^f)(ff) = {Cop n *f){g) = (CoeT/) (#), 

where * denotes the convolution in and C denotes analytic continuation 
from K to Kc- Recall that the i^-averaged heat kernel measure dv% on Kc 
is given by (|2.22jl . Hall proves the following: 

Theorem 3 (Hall). For each H > 0, the mapping defined in is an 
unitary isomorphism from L 2 (K, dx) onto the Hilbert space H,L 2 (Kc, dv^) : = 
L 2 (K c ,diy h )f]H(K c ). 

This transformation defines a Hilbert vector bundle 7i H over the one- 
dimensional base M + with global coordinate h, 

HI = HL 2 {K c ,dv h ). 

which we call the CST bundle. The Hilbert space structure on the fibers of 
?i H is defined by 

(F h , G h )l := / F^g)G h {g) dv h (g), F h , G h E H\. 

JK C 

From Theorem El we conclude that the operators 

^fiUi = G h2 o Cg 1 : Hfo -> (3.2) 
define unitary transformations between the fibers which satisfy 

These operators correspond to the parallel transport with respect to an Her- 
mitian connection <5 H on 7i n . Let K denote the set of (equivalence class of) 
irreducible unitary representations of K. It follows from Theorem El that by 
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choosing an orthonormal basis in the vector spaces Vr of all the representa- 
tions R G K the matrix entries Rij(-) analytically continued to K<c form an 
orthogonal basis of 

dR c k 

for all h > 0, where oIr is the dimension of R, and 



R 



Rij(g) Ri'f(g) du h (g) = — — 5^5^ 

K C d R 
where cr is the eigenvalue of —A on the representation R. Therefore the 
sections of H H 

Rij(-) 

form a global orthogonal frame and obviously the sections 

Ft* = e-^' 2 ^/d R R ij {-) (3.3) 

form a global orthonormal frame, that is, their norms do not depend on H. 
Moreover 

UUiRij) = e-^- h ^ l2 R l3 & Ul hi {F^) = . (3.4) 

Definition 5. The CST connection <5 H on 7i H is the (unique) connection for 
which the sections ()3.3|) are horizontal 

5 H (F R ^) = 0. (3.5) 

The CST connection is automatically Hermitian. From (J3.3)) . <5 H can be 
equivalently defined through 

S\(Rij) = Rij = — j- Rij- 

ah A 4 

Proposition 4. The unitary 'parallel transport U corresponding to the con- 
nection \3. 5\) is given by the unitary operators \3. ty) . U = U u . 

Proof. Since the sections F Rij satisfy ()3.5j) the parallel transport for them is 

U tktHl F^=F^ i Vh u h 2 ER + . (3.6) 
This map of orthonormal basis extends to a unique unitary isomorphism 

From (|3.4|) and (|3.6j) we see that U^Ki and U^ hi coincide on the basis vectors 
and therefore they coincide as unitary operators. □ 
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3.2 Equivalence between 5 H and 5 Q 

Our main result in this section is 

Theorem 4. The quantum connection 5 Q and the CST connection <5 H are 
equivalent in the sense that there exists a natural unitary isomorphism 
S : 7i H — ► H Q such that 

5% o S = S o 5\. (3.7) 

an an 

Proof. We start by constructing a natural unitary isomorphism between the 
CST bundle TC H and the quantum bundle TC Q . Let a, ( be two sections of H Q 
of the form ([2~TT]) . (JTEJ), 



a, = F(xe isY ) e'^^Vt. 
Cs = G(xe isY ) e'^Ty^l 

From proposition El we obtain 



{a s Xs) Q = a s / FGdv h , 
Jkc 

where h~ = sh and a s was defined in ()2.25|) . Therefore, the bundle morphism 



„IV|2 



is a unitary isomorphism. To show ()3.7)1 it is sufficient to see that the frame 
of horizontal sections 

is mapped to an horizontal frame. This follows directly from theorem |21 

□ 
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